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Abstract

The reaction-diffusion system of the neuromuscular junction has been modeled in 3D using the finite element package FEtk. The numerical
solution of the dynamics of acetylcholine with the detailed reaction processes of acetylcholinesterases and nicotinic acetylcholine receptors has
been discussed with the reaction-determined boundary conditions. The simulation results describe the detailed acetylcholine hydrolysis process,
and reveal the time-dependent interconversion of the closed and open states of the acetylcholine receptors as well as the percentages of
unliganded/monoliganded/diliganded states during the neuro-transmission. The finite element method has demonstrated its flexibility and

robustness in modeling large biological systems.
© 2007 Elsevier B.V. All rights reserved.

Keywords: Finite element method; Synaptic transmission; Substrate inhibition; Reaction-determined boundaries

1. Introduction

The nature of neuronal signaling has been a problem of
special interest in both biology and neuroscience [1—4]. During
neurotransmission, a neurotransmitter must be released from the
terminal bouton of the presynaptic neuron, diffuse cross the
synaptic gap, and activate postsynaptic receptors.

The neuromuscular junction (NMJ), the point of commu-
nication between neurons and muscle fiber, provides a classic
example of synaptic transmission. The terminals of motor
axons contain thousands of vesicles filled with acetylcholine
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(ACh). When an action potential reaches the axon terminal,
hundreds of these vesicles discharge their ACh molecules onto
a specialized area of postsynaptic membrane on the fiber. This
area contains a cluster of transmembrane channels, i.e. the
nicotinic acetylcholine receptors (nAChRs), which are opened
by the association of ACh; sodium or potassium ions (Na" and
K") can then diffuse through the channels, Na* inward and K"
outward [5-9].

ACh molecules remain in the cleft between the presynaptic
and postsynaptic membranes until they are hydrolyzed by
acetylcholinesterase (AChE), the biomolecular off-switch for
synaptic transmission. AChE is present as clusters of three
tetramers suspended by collagen stalks bound to the muscle
membrane at varying densities (600 pm > to 2500 pum 2)
throughout the junctional folds (JFs). Acetyl-cholinesterase
breaks down the ACh in the neuromuscular junction at a
maximum speed of ~2000 ACh molecules per second per
AChE active site in the case of human enzyme. Therefore, it
provides a very efficient mechanism to terminate synaptic
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transmission for subsequent signaling [10,11]. Drug molecules
such as competitive inhibitors can bind with AChE and regulate
the breakdown rate of ACh and affect the subsequent signaling
rate and strength.

The receptor nAChR is a ligand-gated sodium channel that
opens briefly upon binding ACh. This allows entry of sodium
ions into the interior of the muscle cell, which results in partial
depolarization of the postsynaptic membrane. If the number of
open channels reaches the proper threshold, a self-propagating
muscle action potential is generated in the postsynaptic
membrane. nAChRs are present in small quantities over most
of the muscle membrane surface but are concentrated heavily at
the tips of the NMJs.

In adult NMJ, nAChR is a transmembrane pentamer
consisting of 5 subunits assembled with a stoichiometry
a,3y6 around an axis of pseudosymmetry perpendicular to
the plane of the membrane [9,12]. One nAChR pentamer has
two activation binding sites for ACh: one lies at the interface
between one « and the y subunit while the other is between the
second a subunit and the & subunit [9,12]. The binding of ACh
molecules to the binding sites induces the ion channel to open.
Spontaneous opening of a single vesicle causes generation of
the miniature end-plate current (mEPC).

Simulations of partial differential equation (PDE) based
synapse models have provided a great deal of insight into
several aspects of synaptic transmission [13-20]. However,
these models assumed the synapse to be two dimensional only
and employed relatively out-of-date kinetic models for ACh
hydrolysis and state changes of nAChR. These limitations are
largely due to the complexity of solving three dimensional
(3D) PDEs with complex boundary conditions [21-25].
Recently, solutions of 3D PDEs in synaptic transmission
models became possible with the advance of finite element
methods [26-29]. However, simple AChE reaction models
have been used, and the nAChRs were not treated explicitly.
On the other hand, stochastic or Monte Carlo (MC) based
models such as that embedded in the MCell software enables
3D NMJ simulations with realistic kinetic models for ACh
hydrolysis and binding and dissociation [30-32]. In this
paper, we report a complementary approach to the MC model
to describe the behavior of a NMJ based on a 3D PDE with
recent kinetic models for ACh hydrolysis and the various
nAChR conformational changes initiated by ACh binding.
Competitive inhibitors of AChE can also be integrated with
the AChE reaction model. Our approach allows coupling of
the detailed chemical reactions with the physical diffusion
processes taking place during synaptic transmission. We can
model many more physiological phenomena in the ACh
diffusion, such as substrate and competitive inhibition, and the
conformational variations of nAChR. In addition, simulation
of surface dynamics at the postsynaptic membrane could be
incorporated. Therefore, our approach shall enable pharma-
cokinetics and pharmacodynamics analysis of rationally
designed drugs involving synaptic transmission. Implementa-
tion of the numerical algorithm for simulating the NMJ
model was performed using FEtk and the Manifold Code
[33].

2. Model setup and mathematical background
2.1. The AChE model

The kinetic model for ACh hydrolysis is built based on a
mechanism proposed by Radi¢ et al. [34-36] (Fig. 1(d)). This
model incorporates the effect of substrate inhibition and
therefore enables an accurate representation of the reaction
over a large range of ACh concentrations. In Fig. 1(d), E and S
represent AChE and ACh respectively. S combines at two
discrete sites, forming two binary complexes, ES (ACh in the
active site) and SE (ACh in the peripheral site [34,37]), only one
of which, ES, results in substrate hydrolysis. The following
values of the kinetic parameters were used in this study:
ki=ki=10° M 's !, k,=4.6x10* s, k,=1.5x10" s !,
kew=1.4%10° min"', and 5=0.23.

Assuming AChEs are fixed in space, the conservation
equations for describing the various states of AChE with a given
ACh concentration on the surface are:
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Here, 6y, 6,, 65 and 1*2?:1 0; denote the normalized
concentrations of ES, SE, SES and E, respectively, relative to
the total concentration of AChE involved intermediates and
products, [AChE]; p(x,f) represents ACh concentration in
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Fig. 1. (a) A cluster of three AChE tetrameters suspended by collagen stalks
bound to the muscle membrane; (b) An AChE tetramer with four active sites
exposed; (c) The AChE cluster representing (a), the blue surface denotes the
nonreactive Neumann boundary, while yellow corresponds to the reactive Robin
boundary; (d) The AChE kinetic scheme. S represents ACh, while ES and SE
represent the binary complexes with ACh in the active site and peripheral site,
respectively.
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the position “x” at time “¢”. Solution procedure for the above
ordinary differential equations (ODEs) is outlined in the
Supplementary data.

In addition to the reaction mechanism, an important attribute
in modeling NM]J is the representation of the AChE structure in
space. As in our previous effort of using rectilinear AChE
model [27,28], we represent an AChE cluster including 3 AChE
tetramers using a cubic box with 1/8 of the surface considered to
be active. In terms of the PDE model for ACh diffusion, the
active boundary is implemented by a Robin boundary (radiation
or essential boundary) with 64, 6, and 65 calculated from Eq.
(1), while other parts of the AChE cluster are represented by the
Neumann boundary (reflecting boundary) (Fig. 1(c)).

The binding level of ACh to AChE that gives rise to a
specific intermediate is monitored by the integral of the total
fraction of that given intermediate on the reactive surfaces of
AChE, L(?),

Li(t) = /d . 0ias )

Here 0953, is the surface of the active site of AChE. With
i=1, 2,3, we are able to observe general timescale trends of all
AChE intermediates.

2.2. The nAChR model

The nAChR is a heteropentameric trans-membrane protein
that protrudes into the synaptic and intracellular compart-
ments, with a five-fold axis of quasi-symmetry perpendicular
to the membrane. Measured from the separations of the Cys-
loop disulfide bonds, the average protomer-protomer separa-
tion (the distance between two nearby subunit centers) is
around 29 A [38]. The side length of the extracellular domains
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Fig. 2. (a) View of the finite element mesh of the nAChR and part of the external
box. Two red triangles represent two ACh binding sites and are assigned as the
reactive boundary, and all other green triangles belong to non-active sites and are
assigned as the Neumann boundary. (b) The nAChR kinetic scheme. R® denotes
the unliganded nAChR, 4R' or AR" denotes the monoliganded nAChR; C and O
represent diliganded closed and open states.

including the ligand-binding region and the interface is around
70 A [7].

Experimental studies on nAChR have shown several
conformations under physiological conditions. At least three
different conformations have been differentiated: the closed
state (C), the open state (O) and the desensitized state (D).
These conformations can interconvert with one another.
Among the different nAChR conformations, the desensitized
state is still elusive experimentally. Therefore to illustrate the
feasibility of our approach, this work focuses on using a simple
nAChR gating process, based on the experimental reaction
scheme suggested by Land et al. [39]. With ACh occupying
the binding sites, the closed open reaction (“gating”) of the
diliganded nAChR is much more favorable (@ =f/a = 28) than
that of unliganded receptor (@~10"7—10"°) [40]. Here, «
and B are the rate constants for opening and closing,
respectively. The affinity of the nAChR for ACh is circa
12,000-fold higher in the open than in the closed conforma-
tion. Based on the kinetic measurements, the reaction
mechanism corresponding to different conformation states of
nAChR are shown in Fig. 2(b).

The conservation equations of all the different conformations
of nAChR in Fig. 2(b), with a given concentration of ACh on
the active surface of nAChR are,

3
djil = 2kyp(x,1)( ; ¢:) +2k-py — (k- + kip(x, 1)),
s~ kople. )y + Bbs—(2k + )0
a0

—= = apr~ B, 3)

Where ¢, ¢, and ¢; represent the fractions of the
monoliganded receptors [ARI or "], and the diliganded receptors
[C] and [O] relative to the total concentration of nAChR, i.e. we
define [Riw]=[4R" " "+[C]+[O]+[R"], ¢;=[4R" " ")/
[Riotall, #2=[CV/[Rioar] and ¢3=[0V/[Ricall, Therefore, [R’]=
1_2?:1¢i~

The corresponding kinetic parameters [39,41,42] for our
simulation are:

ky =k =k =k =ks=3.0x10M's";

ko =k i=kos=ks=kys=10x10%";
a=2.0x 104s71,
B=5.0x10%""; (4)

The detailed solution to the above equations is similar to that
for the AChE kinetic equations.

To represent the complex morphology of nAChR pentamers,
we modeled each nAChR pentamer as pentagonal prism and
placed the pentamer at the bottom of a large cubic box (Fig. 2).
Specifically, the length of the edge of the top or bottom
pentagons is 5.84 nm and the length of the side of the
pentagonal prism is 7.0 nm. All the pentagonal prisms were
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Fig. 3. Two views of the finite element mesh for the nAChR model. (a) The
outside of the model, with the 625 nAChRs integrated at the bottom of the
rectangular box. (b) A close up view of the bottom surface with the nAChR
pentamers.

placed at the base of a cubic box with 0.50 pm edges (Fig. 3).
For each nAChR pentagonal prism, mixed boundary conditions
were employed. The active-site boundaries 0Q%\cnr Were
distributed on two sides of the pentagonal prism, of which only
1/8 of each side is defined as the active site, i.e. the ACh-
binding site. When coupled with the ACh diffusion dynamics,
the boundary condition at the active sites of nAChR were
assumed to be Robin boundary conditions with ¢, evaluated
using Eq. (3), whereas the remaining surface of nAChR was
modeled as Neumann boundary conditions.

To model large quantities of nAChRs, the pentameric
nAChR is currently too expensive for computation. Therefore,
we consider a tetrahedral nAChR instead of a pentameric
nAChR. Two faces of each tetrahedron are labeled as ACh
binding sites. The total surface area of the tetrahedron is
determined by matching the correlation of the ion-channel
maximum open probabilities with ACh concentration using the
pentameric nAChR (Fig. 7). The surface area of the tetrahedron
is found to be around 1.2x 10~ * pm?.

2.3. Weak formulation of the time-dependent diffusion
equations

In this section, we present the weak formulations of the time-
dependent diffusion equations for use in the finite element
calculations [43,44].

Let Q be the computational domain of the NMJ model
and denote 0Q as the boundary. The strong form of the
diffusion equation of our NMJ model [27,28] for the ACh
dynamics is:

dp(x,1)
a1

= V -DVp(x,t) in Q (5)

With boundary conditions read as,

n-DVp(x,t)

/ + 3 k;HI act
ket AChe | K 1’291' plx, t)ip(x 0|’ on JQy¢ye
i=1 ’

_k;ct,nAChR(kl;ndp (x, £)~Kping), ON agﬁicm
0, otherwise

(6)

Where kiet ache and kjeenacnr are defined as the AChE and
nAChR reaction coefficients respectively, which were deter-
mined by sampling (see Section 3.1 below); kpina=/k[2(1—
Yl ¢)+¢il, and ky 4 = %. 00 chr corresponds
to a single ACh binding site boundary on a nAChR and p
(x, 0) is the initial concentration of ACh. The intermediates
for ACh hydrolysis {6;,} and the different nAChR
conformation states {¢;} are determined through the
corresponding sets of ODEs (Egs. (1) and (3)) with ACh
concentration evaluated at the corresponding boundaries.
Following the definition in Holst et al. [45] and Cheng et
al. [46], the “weak” formulation reads as:

Find p(x,f) =V such that
< F(p(x,1)),v >= 0 YeV, (7)
where
< F(p(x,1)),v>

d
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nAChR

2.4. The neuromuscular junction model

A complete NMJ model includes a vesicle fused to the
presynaptic membrane, a primary cleft, AChE clusters and
nAChR pentamers. AChE clusters consisting of three AChE
tetramers are represented explicitly in the mesh as a cubic box
with 1/8 of the surface being active. The nAChR pentamers
are modeled as pentagonal prisms placed at the bottom of a
large cubic box with active sites occupying 1/8 of the surface
on two sides of each pentagonal prism, representing the
independent treatment of the two ACh binding sites. To
elucidate the geometric influence of the NMJ on the system
dynamics, two different NMJ models have been prepared in
this study.

The first NMJ model (denoted as Model I) presented in Fig. 4
consists of 8 explicit cubic AChE clusters and 750 nAChR
pentamers. The vesicle fused to the middle of the presynaptic
membrane is modeled as a sphere of radius 0.024 um centered
at 0.016 pm above this membrane, leaving a circular area of
radius 0.018 pum as the pore opening. The dimensions of the
primary cleft are 0.30 pm (length), 0.10 pm (width) and
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Fig. 4. Three views of the finite element mesh for Model I, with one secondary cleft and a spherical vesicle fused to the presynaptic membrane. The cubic boxes
represent AChE, and pentameric prisms represent nAChR. (a) Outside view; (b) inside of the primary cleft; (c) inside of the secondary cleft. The length unit is pm.

0.10 pm (height). The depth of the junction fold (JF) is 1.0 um.
750 nAChR pentameric prisms are evenly distributed on the
inner surface of the primary cleft and JF. The density of nAChR
on the postsynaptic membrane of the primary cleft is circa
10,000 pm 2. In the JF, from the crest to 0.25 pum into the fold,
the density remains at 10,000 pm 2, and then falls off to
5000 pm 2 over another 0.4 um, below which the density
decreases dramatically until zero. 8 AChE clusters were put in
the space of the primary cleft and JF, which represented 96
AChE monomers.

The second model (denoted as Model II) is depicted in Fig. 5.
323 cubic AChE and 29462 tetrahedral nAChRs are integrated.
The tetrahedral nAChR models are developed similarly to the
pentameric ones (see Section 3.2), but reduce the computational
demands. Model II includes a vesicle with the same size as
Model I but with a different amount of AChE and nAChR. The
length, width and height of the primary cleft for Model II are
0.95 pm, 2.0 pm and 0.1 pm, respectively. The depth of the
junction fold (JF) is 0.8 pm. 29462 tetrahedral nAChRs (see
Section 3.2 below) are placed on the surface of the primary cleft

(b)

Fig. 5. Two views of the finite element mesh for Model II, in which each nAChR is represented as a tetrahedron. (a) Outside view; (b) inside of the primary and

secondary clefts. The length unit is pm.
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and JF. The density setup is the same as in the above model. 323
AChE clusters are integrated in the space of the primary cleft
and JF, representing 3876 AChE monomers.

2.5. Numerical solution scheme for the complete NMJ model

Spatial approximation of the NMJ cleft space is performed
by using a finite element method. The physical domain Q of the
NMJ cleft space is divided into a collection of tetrahedra by
using NETGEN [47], a flexible mesh generation package. The
detailed discretized weak formulation is listed in Supplementary
data.

The numerical solution of the above NMJ models is
achieved by an iterative method to solve the 3D diffusion
problem with reaction-determined boundaries. At each time
step, the ACh concentration is first updated with the
intermediates corresponding to different states of AChE and
nAChR. Specifically, numerical solution of the linear algebraic
problem arose from the temporal discretization with {0;} and
{¢;} evaluated at the previous time step is solved by using the
conjugate gradient method with tolerance of 10™'°. Then with
the updated ACh concentration profile, the various states of
AChE and nAChR are evaluated by the solution of the
corresponding kinetic equations of ACh binding. The spatial
independence of the different states of AChE and nAChR
enables a nodal solution for the ACh kinetic equations, for
which we employed analytical solution to invert the linear
algebraic problem raised from the temporal discretization using
the Crank-Nicholson scheme. To ensure convergence and
adequate resolution of the reaction kinetics and postsynaptic
response, timesteps ranging from 10! ps to 10! ps were used
for the simulation. We have also attempted other solution
schemes for solving the coupled ODE/PDE system and found
that the current numerical scheme provided the best balance
between overall stability and the computational demand of the
solution algorithm. It takes less than 10 minutes to complete
1000 timesteps on a single Intel Xeon 3.60 GHz CPU for a
system of ~20,000 vertices (Model I).

2.6. Evaluation of the various states and conformations of the
nAChR ion channel

nAChR can exist in unliganded, monoliganded and dili-
ganded states. We evaluate the flux of ACh binding to the two
active sites as,

10 = [ K Wi .0) )5 )

nAChR

The integration area is over the two ACh binding sites for
each nAChR.

The number of bound ACh molecules (or postsynaptic
coverage) can then be defined as the accumulating quantity of
ACh:

N(t) = /0 (e (10)

A receptor with N(f)=>2 represents the diliganded state,
while 1 <N(f)<2 the monoliganded state and 0 <N(r)<1 the
unliganded state.

The partial number of open channels in one ACh binding
site of a nAChR can be calculated using the average value of

¢
p (O)I _ IQacr

/ as
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nAChR
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nAChR

p(0)" =

Here “T” and “II” denote the two ACh binding sites of one
nAChR pentamer (Fig. 2 (a)).

Then the partial number of open channels for one nAChR is
p(0)=p(0)'+p(0)", and the nominal (equivalent) number of
open channels in the NMJ cleft is N(O)=N,acnrp(O).

3. Results and discussion
3.1. Reactivity of the AChE

In this section, we compare the reactivity of the AChE model
with experimental results by considering an in silico experiment
by computing the reaction rate constant of an isolated AChE
cluster confined in a cubic box. The concentration of ACh at the
boundary of the cubic box is assumed to be constant.
Specifically, we place an AChE cluster as described in Section
2 at the center of a cube with 0.30 pm edges. The boundary
condition for 0Q4¢,k in Eq. (7) is used on the surface of the
interior cube, the AChE cluster. On the exterior cube boundary
0Q—0Q3%, , the concentration of ACh is held at a different
constant value for each “trial” simulation. At steady state, the
analytical reaction rate of an AChE monomer can be written in
the reaction scheme depicted in Fig. 1(d):

. 1+ bp}({)ﬁ J)
v(t— o) = [AChE], 1’(m p (x”t) (12)
I+—— ]\ 1+
px,t) K

Here ke = (1.4%0.1) x 10°min"", K,, = & = 46+3uM
and K,; = ,’g—+ = 15+2mM. '

The recent calculations on an isolated AChE tetramer [48]
suggest the reaction activity of one AChE cluster is approxi-
mately equivalent to that of 9 independent AChE monomers.
Therefore, the analytical reaction rate of one AChE cluster V'
(t— 0)=9v(t — ).

Following the mechanism in Fig. 1(d), the reaction rate at
each node of one AChE active site is

0i(1) = [AChE] kuue (01 + b03) (13)
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Therefore, the average reaction rate of one AChE cluster is

/ﬁ;vi(t)dS
/ 1ds

From the above equations, k. ache can be determined by
evaluating V(o0 ) = lim,—, v(#) for ACh concentration on the
outer boundary ranging from 0.01 mM to 100 mM. Fig. 6
suggests an excellent agreement between the experimental and
computational reaction rates [34]. Based on these results, we
deduce &l ache =1.50x10"°M-m 2.

() = (14)

3.2. Reactivity of the nAChR

Now we consider another in silico experiment by consider-
ing the behavior of nAChR. Specifically, 625 nAChRs are
evenly placed at the base center of a large cubic box with 0.5 pm
edges (Fig. 3). Except the side with the embedded nAChRs
(Neumann or reflecting boundary), all other sides are assigned
as Dirichlet constant concentration boundaries. ACh molecules
fill the space inside the cubic box with the initial concentration
at 10.0 pM, 30.0 uM, 60.0 uM, 100.0 uM for each trial,
respectively.

Evaluation of the ion-channel maximum open probabilities
under different initial ACh concentrations using Eq. (11) yields
the results shown in Fig. 7. All the open percentages have been
calibrated with the experimental data in [49]. Following Smart
and McCammon (1998), ki.cnachr can finally be determined as
6.6x10°°Mm >,

3.3. The complete NMJ models

We simulated Model I (Fig. 4) with an initial ACh distributed
only inside the vesicle to examine the dynamics of the ACh,
AChE and conformational chances of nAChR. The initial
concentration of ACh of 300 mM corresponds to an ACh
density of 1.8 x 10® um ™ [27,28,50—52]. The time evolution of
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Fig. 6. Concentration dependencies of the AChE activity in both the experiment
and this work.
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Fig. 7. The maximal open probabilities of the ion channel under different ACh
concentrations for the pentameric, tetrahedral nAChR and the experiment,
respectively.

ACh is monitored to elucidate insights for the neurotransmis-
sion process.

Fig. 8 depicts the time course of the total number of ACh
molecules during the first 20 ms following the release of ACh
into the junction. With the complete kinetic model in this work,
the overall time course can be separated into two phases. The
first phase corresponds to approximately the first 1.5 ms
following release. During this phase, the number of ACh
molecules in the model drops dramatically due to rapid binding
of ACh to both AChE and nAChR. In the second phase
(t=1.5 ms), ACh concentration decays gradually due to the
“slower” consumption of ACh through hydrolysis by AChE. If
only a linear reaction rate is used for ACh hydrolysis and ACh-
nAChR binding is assumed to be at equilibrium (dotted line in
Fig. 8), then only a gradual consumption of ACh is observed.
This is consistent with the previous observation by Tai et al.
[28].

Comparing with previous studies [27,28], the reactive
boundaries in the present work are determined by the kinetics
of ACh binding to AChE or nAChR. The AChE kinetics in
response to a quantal release of ACh are shown in Fig. 9. The
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%
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28001
1800~ 1
y L 1 . 1 L 1 )
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Fig. 8. Total number of ACh molecules in Model I, comparing with the simple
ACHhE kinetic model in the previous work [28].
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Fig. 9. The time course of three AChE complexes in Model I: ES, SE and SES
represent complexes that the substrate ACh occupies the active site, the
peripheral site and both two sites, respectively.

amounts of three AChE complexes have been determined with
timesteps of 0.1 pus. The high accumulation of the complex ES
(ACh in the active site) suggests that most of ACh are trapped as
this intermediate and the complete hydrolysis of ACh may take
much longer. On the other hand, the amount of SE (ACh in the
peripheral site) stays near zero after the first few microseconds.
The relative amount of SES (ACh in both the active and
peripheral sites) remains less than 10% of ES. This suggests that
the substrate inhibition in the NMJ might be negligible in the
case of single vesicle release.

Previous work didn’t explicitly model nAChRs on the
postsynaptic membrane. Here, not only two nAChR models
have been proposed, but also various nAChR conformations
have been analyzed. In Model I, the nAChR pentamers undergo
continuous conformational changes during the simulation (Fig.
10). Fig. 10(c) indicates that the number of the unliganded
nAChRs exponentially decreases to below 200 during the first
20 ps of simulation. The number of monoliganded nAChR
jumps to nearly 200 in a short time and rapidly decays to below
25. Most of the nAChRs rapidly become diliganded. It takes
around 150 ps to 200 ps for the whole system to reach a nearly
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Fig. 10. The Number of various nAChR conformations in Model I: R® denotes
the unliganded nAChR, 4R' ® " the monoliganded nAChR, C and O the
diliganded closed and open nAChR, respectively.
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Fig. 11. Effect of varying the number of AChE clusters on the number of open
channels in Model L.

steady state with about 700 nAChRs in the diliganded
conformation. The number of closed state diliganded receptors
increases to above 200 in the first 15 ps, and then decays
exponentially. The open state shows a parabola-shaped increase
to a maximum, and then the number of open channels slowly
decreases. It must be noted that most of the nAChR receptors
keep two ACh bound during 1 ms of simulation. The
dissociation rate of ACh from the diliganded state is quite
slow in experiments (>1 s).

We also tested model sensitivities by varying the number of
AChE clusters in the model. Fig. 11 shows the effect of
modulating the density of AChE. The number of open channels
gradually reduces along with the increase of AChE clusters,
which aligns well with physical intuition and is qualitatively
consistent with observations by using Monte Carlo simulation
[32].

To validate the above observation from the simulation
results, we extended our study on Model II (Fig. 5). Fig. 12
shows the time courses of all the AChE intermediates and the
number of open channels. The qualitatively consistent trends
suggest similar dynamics and behavior to Model I, but
geometric features of the primary cleft and the distribution of
AChE clusters and nAChRs play an important role in
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Fig. 12. Finite element solutions of Model II: (a) and (b) Number of all the
AChE complexes; (c) Number of open channels.
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determining the quantitative feature of the pharmacokinetics
and pharmacodynamics analysis. It takes around 100 ps to reach
the nearly steady state. Around 300 of 323 AChE clusters
remain in the ES complex state. Meanwhile, the maximal open
percentage of nAChR decreases to 0.3% while above 95% in
Model 1. This is reasonable since we have a large number of
ACHhE clusters and nAChRs in Model II.

4. Conclusions

In this work, 3D neuromuscular junction models with
explicit geometric details of both AChEs and nAChRs have
been studied with the finite element method. By considering
detailed kinetic processes of AChE and nAChR, time-
dependent conformational state conversion of the nAChR can
be observed during the simulations. In addition, through
comparison with simple kinetic models in previous works, we
discovered unique characteristics in the consumption of ACh in
a neuromuscular junction after the release of a quanta of ACh
into the synapse.

Our simulation results suggest that model geometry and size
have profound effects on the postsynaptic nAChR open
probabilities, implying that the quantal release can have
different amplification characteristics with the fixed amount
of ACh. Comparing with the 2D NMJ model in Naka et al.
[17,53], our 3D models revealed additional detailed information
and features during ACh diffusion, binding and hydrolysis. We
derived a numerical solution strategy for solving the system of
partial differential equations (describing ACh diffusion) with
time dependent, ODE based boundary conditions (describing
ACh hydrolysis and ACh-nAChR binding/dissociation). Such
reaction-diffusion coupling models might aid future pharmaco-
kinetics studies for NMJ-related diseases by considering the
activities of compounds at both AChE and AChR. To this end,
both 3D geometry and comprehensive kinetic models are
essential for an integrative NMJ model.

During the 15 ms simulation, the dynamics of ACh in the
synaptic cleft might be characterized into two stages. In the first
stage, ACh molecules bind with nAChRs while some of them are
destroyed by AChE. Then AChE removes the unreacted ACh
from the synaptic cleft in a subsequent stage. Our results further
support previous observations that most of the neurotransmitters
will be eliminated before subsequent rebinding to nAChR can
occur [39,54,55]. In addition, although the concentration of ACh
in the vesicle is much higher than 1 mM, the overall ACh
concentration at the AChE clusters after one quantal ACh release
never reaches 1 mM, therefore, the ACh substrate inhibition
might be negligible in the case of single vesicle release.

The ACh binding with nAChRs occurs within 5 ps after a
ACh quantal release. nAChRs undergo several conformation
changes and then some channels will open to conduct Na*/K "
ions. In our simulations, the number of unliganded, mono-
liganded and diliganded ion channels has been recorded along
with the simulation time. Additionally, the time course of open
channels is traced and analyzed for the diliganded ion channels.

While our simulation results reveal many of the features in
ACh diffusion in a neuromuscular junction upon the release of a

quanta of ACh from the presynaptic membrane, a major
shortcoming in the current work is that the model does not take
into account stochasticity and discrete processes occurring in
the NMJ. The local concentration of ACh is of order pM and
therefore the number of ACh molecules surviving for few
microseconds after release of one vesicle may range from 100 to
1000. This number of ACh molecules makes the continuum
assumption approximate. However, our preliminary results for
comparing stochastic and deterministic models suggests
qualitative similarities between these two methods for the
same synapse model. Given the computationally efficient nature
of deterministic models and finite element methods, our model
is a reasonable alternative to stochastic methods for studying
cholinergic synaptic transmission.

To illustrate the principle and usefulness of our approach,
we focused our effort on models with relatively simple pre/
post-synaptic membrane geometries. Despite the lack of
realism of the NMIJ model, our simulation is capable of
capturing the geometrical difference, and extending the soft-
ware for simulating large and realistic meshes replicating
complex NMJ structures as observed by electronmicroscopy is
straightforward. Constructing large and realistic meshes
requires powerful adaptive meshing methods that are capable
of reconstructing real NMJ structures. Part of this work has
recently proven to be possible as with the adaptive meshing
tool of "Mol-LIBIE” by Zhang et al. [56]. The development of
such models will enable a realistic description of synapse
activity, as well as modeling the interplay between morpholo-
gical changes of the synapse, chemical and molecular reactions
of AChE and nAChR, and ACh diffusion in the complicated
geometry.

Of equal importance to building a realistic synapse model is
to construct detailed kinetic models for both AChE hydrolysis
and AChE-nAChR binding. These kinetic models represents
both the kinetic events happened during the reaction, as well as
the molecular conformation changes of the enzyme and
receptors. A detailed understanding of these events will enable
modeling of different AChE and nAChR mutations, as well as
catalyze the development of pharmaceutical agents for various
NMIJ diseases. Of specific interest is to describe desensitized
conformations for complementing new experimental findings
through kinetic modeling of nAChR. Moreover, the role of
substrate inhibition of AChE in synaptic activity can be
examined through releasing large numbers of quanta. Some of
these topics are currently under investigation and will be
described in forthcoming manuscripts.
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